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SEMIGROUPS AND OF ITERATIVE METHODS
FOR ACCRETIVE OPERATORS
IN BANACH SPACES'

BY
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ABSTRACT

Let A be an m-accretive operator in a Banach space E. Suppose that A 70 is
not empty and that both E and E* are uniformly convex. We study a general
condition on A that guarantees the strong convergence of the semigroup
generated by — A and of related implicit and explicit iterative schemes to a
zero of A. Rates of convergence are also obtained. In Hilbert space this
condition has been recently introduced by A. Pazy. We also establish strong
convergence under the assumption that the interior of A ~'0 is not empty. In
Hilbert space this result is due to H. Brezis.

1. Introduction

In his recent study [14] of strong convergence of nonlinear contraction
semigroups in Hilbert space, A. Pazy has introduced a general condition on the
generator of a semigroup S which guarantees the strong convergence of $(¢)x as
t — » for each x in the domain of S. One of our goals in the present paper is to
show that his approach also works outside Hilbert space. For simplicity, we
assume throughout most of the paper that both the Banach space and its dual are
uniformly convex.

In Section 2 we define the convergence condition and present some examples.
In Section 3 we establish the strong convergence of trajectories of contraction
semigroups whose generators satisfy the convergence condition. In Sections 4
and 5 we consider discrete implicit and explicit iterative schemes for finding
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zeros of accretive operators A that satisfy the convergence condition. The
implicit scheme replaces the problem 0 € Ax by a sequence of easier problems,
each of which has to be solved only approximately. No boundedness assump-
tions on A are needed to establish convergence in this case. The result for the
explicit method, on the other hand, is restricted to bounded operators (or more
generally, to locally bounded operators in the presence of a priori information
on the location of the zeros). In each case we also study the rate of convergence.
Some of our results are new even in Hilbert space and may be applied, for
example, to convex programming (cf. [18]).

In Hilbert space there are two notable cases where strong convergence occurs
even though the convergence condition need not be satisfied. In the first case the
semigroup is generated by certain odd operators, and in the second it has a fixed
point set with a nonempty interior. The first case was partially extended to
Banach spaces in [1, corollary 4.1]. In Section 6 we assume that the interior of
A7'0 is nonempty and extend the second case outside Hilbert space. In Hilbert
space the result is due to H. Brezis [2] (see also [13]).

In Section 7 we indicate possible extensions and generalizations of our results
to other Banach spaces.

For previous results on the implicit and explicit schemes in Hilbert space see,
for example, [4, 6, 12, 14, 18] and the references mentioned there. Banach space
results can be found in [8, 17]. See also [7, 11, 15, 16}.

Our terminology and notation follow that of [10].

2. The convergence condition

Let E* be the dual of a real Banach space E, and denote the norm of both E
and E * by | - |. For simplicity we shall assume in the sequel that both E and E*
are uniformly convex. In Section 7 we show how some of our results can be
extended in some sense to an arbitrary Banach space.

In our setting, the duality map J: E — E* (defined by (x,Jx)=|x|* and
|Jx|=|x]|) is single-valued and continuous. If C is a closed convex subset of E,
then also the nearest point mapping P: E— C (defined by |x—Px|=
inf{|x —y|: y € C}) is single-valued and continuous.

We recall that a possibly multivalued operator A C E X E with domain D(A)
and range R(A) is accretive if for each x; € D(A) and each y, € Ax;, i = 1,2,
(y1—y2, J(x1— x,)) = 0. It is m-accretive if, in addition, R(I +rA)=E for all
r >0. We shall always assume that 0 € R(A), so that A ~'0 is nonempty, closed
and convex (see [3, theorem 1.2] and notice that A ~'0 is the fixed point set of the
resolvent).
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Let A be m-accretive and let P: E — A ~'0 be the nearest point mapping. We
shall say that A satisfies the convergence condition if [x., y.] € A, |x.|=C,
|y.| = C, and lim,—« (Y J (x, — Px,))=0 imply that liminf,_..|x, — Px,|=0.

Every strongly accretive A (i.e. an operator of the form B + al, where B is
m-accretive and « > 0) satisfies this condition, and Pazy’s perturbation theorem
[14, theorem 2.6] holds in our setting too. Since both J and P are continuous, the
following proposition is also true (cf. [14, proposition 3.2]).

ProposSITION 1. Let A be m-accretive with A™'0 # &. If (y,J(x — Px))>0 for
every [x,y] € A with x& A™'0, and the resolvent (I + A)™" is compact, then A
satisfies the convergence condition.

Using this result one can extend some results of Pazy [14] on nonlinear
parabolic equations in L>-spaces to L-spaces for 1 <p <,

One can prove that if an operator satisfies the convergence condition, then so
does its Yosida approximation.

In some cases operators actually satisfy a stronger convergence condition. We
shall say that an m -accretive operator satisfies the uniform convergence condition
of order y >0, if for each C >0 there exists a constant '~ >0 such that if
[x,y]€ A, |x|=C and |y|=C, then

(2.1) (y,J(x = Px))=T¢|x — Px ™.

This condition will be used to obtain convergence rates.

It is clear that if B is m-accretive then A = B + al satisfies the uniform
convergence condition of order 1 for any & > 0. Certain substitution operators
also satisfy this condition. We also observe that if A ~'0 = {z} and the origin is in
the interior of Az, then A satisfies the uniform convergence condition of order 3.
In fact, let pu € Az for all |u]=1 and some p >0. Then (y —pu,J(x —2z))=0
forall[x,y] € A. Takingu = (x — z)/|x — z |, we obtain (y,J(x —z))Z p|x — z|.

3. The continuous case

Let A satisfy the convergence condition. Since A is m-accretive, — A
generates a semigroup S of nonlinear contractions on cl{D(A)), the closure of
the domain of A. If x € D(A), §(¢)x is a strong solution [10] of the initial value
problem

u'(t)y+ Au(t)30,

31 u(0)=x,
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THEOREM 1. Let — A generate the semigroup S on cl(D (A)). If A satisfies the
convergence condition, then for each x € cl(D(A)), S(t)x converges strongly as
t—>® to a zero of A.

ProoF. We may restrict our attention to x in D(A). Denote S(£)x by u(¢),
—u'(t) by v(t), and J(u(t)— Pu(t)) by j(¢t). For almost all : >0 we have

(00, (O) = (ult = h) = u (@), J (1) + (& (b, 0, O
where h >0 and lim,_o € (h, )= 0. Since
u(t—h)—u(t)=Pu(t)—u(t)+u(t—h)—Pu(t—h)+ Pu(t—h)— Pu(t),
and (y — Pu(t), j(t))= 0 for all y € A™'0, we obtain
(u(t = h) = u(0), (1)
= —u(©) = Pu()P+ (= k)= Pu(t = h), j(0) + (Pu(t = k)= Pu(0), /()

< ~ [u()= Pu()P + 3 {lu(t = h) = Pu(t = k)P +]u(0) = Pu()f}

= Hlute= k)= Pu(e = W = [u() =~ Pu(o)[

The mapping ¢~ |u(t)— Pu(t)| is Lipschitzian. Consequently,

w(@),jan= —%d%]u(t)— Pu(t)]?  for almost all ¢ >0.

Since A is accretive we have (v(¢), j(t)) = 0 and we conclude that |u(t) — Pu(t)]
is nonincreasing and liminf,_...(v(¢), j(¢)) = 0. By the convergence condition the
latter fact implies that liminf, ..|u(t)— Pu(t)| = 0. But since {u(t)— Pu(t)| is
nonincreasing we also have lim,..ju(t)— Pu(t)|=0. Finally notice that
|u(t)— p/| is nonincreasing for any p € A'0 and therefore we can write
[u(t) = u(t+h)| =|u(t)— Pu(t)|+|Pu(t)—u(t+h)|
=2lu(t)— Pu(r)),
from which the convergence of u (t) follows, and in particular, if z = lim, ... u(¢),

(3.2) lu(t)—z | =2/u(t)— Pu(t)|. O

It is not difficult to see that if A satisfies the uniform convergence condition of
order v, then convergence occurs in finite time if y <1, is exponential if y = 1,
and is O™ V) if y > 1. More precisely, we have (z = lim,.. u(t))
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(3.3) |u(t)-z|=2x - Px|{l+|x - Px " 2(y - DLLy 200, y#1
and
3.4 lu(t)—z|=2|x —Pxle™, y=1

Here I" denotes the constant I'c appearing in (2.1). In fact, using (2.1) we see
from the proof of Theorem 1 that

1d

(3.5) 53;]“(‘)_17”(')‘2"‘ Tu(t)- Pu()[” =0,

for almost all ¢ > 0. This gives a bound for | u(t) — Pu(t)] and (3.3) and (3.4) then
follow from (3.2).

4. The implicit scheme

In this section we consider the implicit scheme defined by
4.1) Xns1F Ani1AXn1 D X, + €00, nz0
where x, € E, and {A.} is a positive sequence.

THEOREM 2. Let A be m-accretive and let {x.} be defined by (4.1). If A
satisfies the convergence condition, 5., A, =, and Z;_,|e.| <, then {x,}
converges strongly to a zero of A.

Proor. If the conclusion is true with e, =0, then it is true if {e,} has a
compact support. Approximating any {e.} € I' by a sequence with a compact
support and using the facts that the resolvents J,, are contractions and A 7'0 is
closed, we see that we may assume in the remainder of the proof that e, =0.

Let j. = J(x, — Px,), and denote (X, = Xn+1)/Ans1 DY Va1 € AXn.r. We have

‘xn+l - P-xn-»ll2 + )\..+|(yn+x,j..+1) = (xn - Pxn+1,jn+1)
= (x,. - Px,,, j,,+1)+ (Pxn - Px,.+1,j,.+|)

élxn_Panxn+l_Pxn+l‘

=

{l Xn — Px,. ]2+ ‘x,.ﬂ - Pxn+1l2}.

D=

Hence

(42) lx,.ﬂ - Px,.+1 lz + 2An+1(yn+1,jn+|) = ]x,. - Px,, lz,
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and Z72 Awei(Ynst, Jarr) <®. Since {A}Z 1" and (Yaer, Jar1) 20, it follows that
liminf,_..(yn j.) = 0. The sequence {x, } is bounded because A 7'0 # &, and {| y. |}
is decreasing. Therefore we can invoke our convergence condition and conclude
that liminf,..| x. — Px.| = 0. But {|x, — Px, |} is decreasing, so that x,, — Px, — 0,
and {x,} converges strongly because

[Xpem = Xn | = | Xnom — Pxo |+ | Px, — x| = 2| x, — Px..|.

Here we used the fact that | x, — p | is nonincreasing for allp € A '0. O
To obtain convergence rates we assume now that A satisfies the uniform
convergence condition, and let e, = 0. We denote (X, ~ X,.1)/Ansy bY Yne1 € AXpiy
and lim,_...x, by z.
When y = 1 we obtain immediately from (4.2) that

4.3) [x, — 2| = 2| x0— Pxof f[ (14 2Fcr)™

where C = max {| xo| + 2| Px,|, | y:|}. Note that this is essentially the rate obtained
for the continuous case (3.4).
For y# 1 we shall assume for simplicity that for some g8 = ~1,

(4.4) An = Aon®.
For y <1 we obtain from (4.2) that
(4.5) [ X1 = PXpay| = Q0 cAon®) 7| x, — Px, [

Since | Xn.1 = PXnir| =] X0s1— 2| £ 2| X001 — Px..i|, we get the following rates:

[Xa =z = 0(lxa — 2 |") if >0,
4.6) =0(x.,—z|'") if =0,
=o(x.—z|""™") for e >0 if = - 1.

While the continuous semigroup converges for y <1 in finite time (3.3), the
implicit scheme does not generally converge in a finite number of steps. This, in
fact, is impossible if x, # Px, and A is single-valued at A '0. However, the
following is true:

ProrosITION 2.  Assume that A™'0={z} and 0 €Eint(Az). If e, =0 and {x.}
satisfies (4.1) with (X, ~ Xn.1)/Anc1— 0, then there exists N such that x, = z for
nzN.

The proof is obvious. A case where (x, — X,+)/A,., always tends to zero is the
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following: if the modulus of convexity of E satisfies 8(g) = ke* for some s =2
and k >0, and {A.} & I°, then by [8, theorem 2.6]

n+1 —1/s
[ = S e S M( 3 43)
i=1

If y >1, (4.6) is of no interest and we proceed differently. For B8 > — 1 we set
|x, — Px,[’=k,n " and determine the largest a for which {k.} remains
bounded. From (4.2) we then have

@.7) knar(n + 1) + 2T Aon®k Lor(n + 1) =< kon ™

By an induction argument we see that {k,} is bounded if « = (1 + B)/(y — 1), and
we obtain the rate

4.8) [X. — 2| = O(n P70y y>1, B>-1
For B8 = — 1, we obtain similarly
(4.9) |x, - z|=O((ogn)™™), y>1, B=-1.

Note that the rates (4.8) and (4.9) coincide with the rate for the continuous
problem.

By Theorem 2, at each step the equation x,.1 + A,.1AxX,.; 3 x, has to be solved
only approximately. If A, is sufficiently small this can often be done by using
some locally convergent iteration method (e.g. Newton’s). The initial guess for
X..1 may be taken to be x,.

When A is continuous and defined on E (or more generally when I — A maps
a closed convex subset of E back into itself), one can actually use the explicit
method to produce both the step size sequence {A.} and the sequence {x,} itself
in such a way that (4.1) is satisfied with summable errors and {A,} € I'. This can
be done by using the method of [11].

5. The explicit scheme
In this section we consider the explicit scheme defined by
5.1 Xos1 € Xa — AAX, nzl

where x, € E, and {A, } is a positive sequence. We shall study the convergence of
{x.} under the assumptions that {x.}C D(A) and that {(x, — X..1)/A.} is
bounded. This is always the case if D(A) = E and R(A) is bounded. It can also
be guaranteed for suitable {A.} if A '0 is contained in the interior of D(A) and
xo 18 close enough to A0,
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Since E* is uniformly convex, there is [15, p. 89] a continuous nondecreasing
function b: [0, ) — [0, ) such that b(0) =0, b(ct)= cb(t) for ¢ = 1, and

(52) |x +y[=]xf+2(y,Jx)+max{x|, 1}y [b(y])

for all x and y in E.

We shall assume that Z;_cA, =% and 27.0Ab(A.)<®. For any given
continuous nondecreasing function b(¢) with b(0) = 0 such sequences {A.} always
exist. In particular, if the modulus of convexity of E* satisfies 8z-(¢) = ke’ for
some k >0 and r = 2, then b(t)=< ct*"' with s = r/(r — 1). Therefore if E = L?,
1<p <o, wecantakeany{A.} € I'\I'withs =pifl<p=2ands=2ifp=2.

THEOREM 3. Let A be m-accretive and let {A.} be a positive sequence such
that Z5-0Ax = and 250 A.b(A,) <. Assume that {x.} satisfies (5.1) and that
{(% = Xa+1)/As} is bounded. If A satisfies the convergence condition, then {x,}
converges strongly to a zero of A.

Proor. Let j, = J(x, — Px,), and denote (x, — Xn.1)/A. by y. € Ax,. Using
(5.2) we have

[Xns1 = Phnis [ = | Xns1 = PXo [P = [ X = PXo = Aya [*

= X0 = Pxo [P = 200 (Y ju) + max {| x. — Px., |, 1}y |Aub (As] y. ]).
Since for ¢ 2 1, b(ct) = cb(1), this yields, for some M,
(5:3) | %ne1= Pxori = [ x0 = Pxo | = 200 (Ymy jn) + Mmax {| x, — Px, |, 1}A,b(A,).

This inequality implies that {/x. — Px.|} is bounded. In fact, if we set d, =
max (| x, — Px, |, 1) then

2 =d%*+ Md.A.b(A,),
and consequently, since d.,— d%= (dns1— dy) (dus1 + d),
d.c1=d, + MAb(A,),

which implies the boundedness of d, and hence of |x, — Px,|. But then (5.3)
actually implies that

(4) (% = Px, "= {xc — P [P+e&, n>k

where &, = C Z7.. A;b(X;)— 0 as k — . Hence lim, .| x, — Px, | exists. Further-
more

(5-5) 220 A,(y,,].)é’xO_PXQ|2+ CZO A,b(A,)
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Since 25, _,A, =@ and (y, ji) = 0 this implies that liminf._..(y., j.) =0. Now we
can apply the convergence condition since, by assumption, {y.} is bounded and
repeating the boundedness argument for x, — Px, with a fixed p € A 7'0 in place
of Px, we also have {x,} bounded. Thus liminf,.|x, — Px,| =0, and, since
lim,...|x, — Px.| exists, lim,_..|x, — Px,| = 0. Finally, we have for all n >k,

(56) ,x"_ka ]2§’xk—ka '2+ Cli /\ib()\.').

Consequently, |x, = x| ={x, — Pxi|+|Pxi — x| S2|x — Pxi |+ &, is small
when k is large and the proof is complete. a

In order to obtain convergence rates, we again assume that A satisfies the
uniform convergence condition of order y. We also assume that b(t) = ct*”' for
some 1 <s =2, and that A, = A,n® with

(.7 ~1=8< -1/s,

so that 270 A, =% and 27 _, A, <. For the explicit scheme the rates depend on
v and B in a more complicated way than in the case of the implicit scheme. If the
order vy is very small, then the rate of convergence is independent of y and is
determined by B and s. The rate is better if 8 is smaller. On the other hand, if y
is large the rate is independent of s and equals the rate for the implicit scheme.
In this case, the larger 8 is, the better the rate is. In general, for any fixed y and
s, there exists a unique optimal choice 8 = 8*, defined by

-1, if y=1,
(5.8) B*=
y{l-y)s-1", ifyzl
We shall obtain the following convergence rates (z = lim,_..x,):
O(n**), BE[B* —1/s),
(5.9 [X, ~z|=4 O(n "8V~ y>1, BE(-1,8%,

O((logn)™ ™),  y>1, B= -1

(Fory =1, B =B*= —1, choose A, = 1/T'¢, where I'c appears in the definition
of the uniform convergence condition.)

Since for y >1 and B = B* we obtain the same rates that were obtained for
the implicit scheme and the continuous problem, we do not expect to be able to
improve the rate by using other sequences. We shall also show below that in
Hilbert space with y = 1, the rate O(n"?) obtained with A, = Ao/n is in some
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sense optimal over all possible choices {A,} € I?\l'. This shows that the result of
Bruck [6] is, in some sense, the best possible. On the other hand, for y <1 the
rate (5.9) may be pessimistic. In fact, if A ~'0 is a singleton, then the convergence
is faster.

We shall now establish (5.9). From (5.3) we obtain

(5.10) [ = Prnas [P %0 = Pxo [P = 240 (Vs ju) + CA S,
Let A, = Aon® and |x, — Px,|* = k.n"" By (5.10),

(5.11) knar(n +1)7° = kan™ = 20 Aon®k In"" + Cn®.
Let « = —(s —1)B/y. Then

—(s-1)B/y
(5.12) koo = (1 " %) (ke — [2TAck? — C]n®}

with § = B(1-s+sy)/y. If y>1 and B=B* (6= —1), then {k,} must be
bounded. The same is true if ¥y =1 and 8 > — 1 which holds for all 8 if y <1,
and for > —-1if y=1.If y =1 and B = — 1, then (5.12) yields (s =2)

(5.13) Knsr = Ky + [ka(1 = 2TA0)+ C]n '+ [C = 2T Aokn]n 2.

Since I'A, 2 1, {k.} must again be bounded. For y > 1 and 8 < 8* one proceeds
as in the implicit case. Hence we have

O (n©77%™), BE[B*, —~1s),
(5.14)  |x,—Px,| =1 O(n 0"»20v) y>1, BE(-1,8%,

O ((logn)™ ™),  y>1, B=-1.
To obtain rates for |x, — z |, note that |x, — z|=|x, — Px.|+|Px, — z|, and by
(5.6),

|z = Px,=|x, = Px, '+ C2 A =[x — Px, '+ Cin'*.

The rates (5.9) now follow from (5.14).

Let B be a maximal monotone operator in Hilbert space such that 0 € B0 and
|Bx | =1 for x # 0. Consider the explicit scheme for A = I+ B. Clearly A™'0 =
{0} and we have

a1 = A3 P+ A2

It is therefore natural to ask how fast the solutions of the equation
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(5.15) X [P = (1= M) [P+ AT
can decay when {A.} € I2\l'.

Prorosition 3. If {A.} € I2\l' and {x.} satisfies (5.15) with |x.|=< Kn™ for
all n, then g =1/2.

Proor. If {A,} € I’\l', then for every &£ >0 there are infinitely many k such
that = A= 1/k'"° [9, lemma 1]. By (5.15)

PS2 3 A% P37
j= j=

2(S i)
( (2% 1)

)\,2) — 1
(24)
=k
The term in the brackets must of course be positive. Using |x;|= Kj™ and
A= 1/k'**, we obtain q¢ = 1/2 + £/4 and the result follows. d

A
M

k

6. Another sufficient condition for convergence

In this section we study another sufficient condition for strong convergence.

Let S be a contraction semigroup in E, and let F be its fixed point set. In [2],
Brezis proved that in Hilbert space, if int (F), the interior of F, is nonempty, then
for each x in the domain of S, S(t)x converges strongly as t — o to a point in F.
Using the idea of Pazy’s proof [13] of this result we show here that the result can
be extended outside Hilbert space. We also show that it is not true in all Banach
spaces.

THEOREM 4. Let E be a Banach space and assume that both E and E* are
uniformly convex. Let S be a contraction semigroup in E with a fixed point set F. If
int (F) # &, then for each x in the domain of S, S(t)x converges strongly as t —
to a point in F.

Proor. Let a ball with center x, and radius r > 0 be contained in F. Since, by
(5.2), 2y, Jx)+[xP=|x +yP=|x |+ 2(y,Ix) + max(Jx |, )]y |b(]y]) for all x
and y in E, we obtain for t =5, 0<p =r, and |u|=1,

—2p(u, J(S(t)x — x0)) +|S(t)x — xof
=|S(t)x — xo—pu |
=|S(s)x —xo—pul’

=|S(s)x — xof*—2p(u, J(S(1)x — x0)) + Mpb(p).
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Hence
2p(t, J(S(s)x — x0) = J(S(t)x — x0)) =[S (5)x — xo[ = | S(t)x — xo[* + Mpb(p).

Denote J(S(t)x —xo) by y(t), and let u =J7'(y(s)—y(O))/|y(s)—y(t)|. We
obtain

[y(5)= YOS (S(s)x = xof = S()x = xo}/2p +3 Mb(p).

Given ¢ >0, choose p such that Mb(p) < ¢, and then choose s, such that
{1S(s)x —xo]>—|S(t)x — xo}/p <& forall t = s = s,.

Then |y(s)—y(t)|=e, so that lim,..y(t) exists. Since J™' is continuous,
lim,_.. S(¢)x also exists and it clearly belongs to F. 0

If A is m-accretive and int (A ~'0) # (J, then a similar argument shows that the
implicit scheme (4.1) will always converge. It is not difficult to see that if
Sr-1A. =, then the limit will belong to A ~'0. The same is true for the explicit
scheme (5.1) if, in addition, Z7_, A.b(A.) < and the operator A is, for example,
bounded.

Theorem 4 does not hold in all Banach spaces. To see this, consider the space
C[0, 1] with the max norm. Let A be the operator

Au(x)=max {a(x)u(x),0}, ueC[0,1], 0=sx=1,

where a(x) is a continuous function satisfying a(0)=0, a(x)>0forx >0. A is
m-accretive and A '0={f& C[0,1]: f(x)=0 for 0=x =1}. Let S be: the
semigroup generated by — A. For uo=1, S(t)us(x)= e **" which does not
converge in C[0,1].

7. Extensions and refinements

In this section we show that under certain assumptions that always hold if E
and E* are uniformly convex, versions of Theorem 1 and 2 hold in any Banach
space. We also observe that the hypotheses of Theorem 3 and 4 can, in fact, be
weakened.

Let E be a real Banach space with dual E*. The duality mapping J from E
into the family of nonempty weak star compact convex subsets of E* is defined
by

J(x)={x*€E*: (x,x*)=|x|" and |x*|=]|x|}

for each x in E. Denote the distance between a point x € E and aset V CE by
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d(x,V). A point z €V is said to be a best approximation to x € E if
Ix = z|=d(x, V).

Recall that a set V in E is called a sun [19] if whenever z € V is a best
approximation to x € E, then z is also a best approximation to z + t(x — z) for
all t=0. Every convex set is a sun. If V is a sun and z€ V is a best
approximation to x € E, then there exists j € J(x — z) such that (y — z,j) = 0 for
all y € V. The set V is said to be proximinal if each x in E has at least one best
approximation in V.

An operator A C E X E is said to be accretive in the sense of Browder [5] if
for each x;€ D(A) and each y,€ Ax, i=012, (y1—y2j)Z0 for all
j € J(x1— x;). This stronger notion of accretivity is needed in the generalization
of Theorem 2 but in Theorem 1 it is superfluous since we have to assume that the
semigroup is differentiable.

Let A C E X E be an accretive operator in the sense of Browder (in certain
cases only the fact that A is accretive is really needed) with 0 € R(A), and
assume that A~'0 is a proximinal sun. If P is a selection of the nearest point
mapping onto A ~'0, then for each x € E, there is at least one j € J(x — Px) such
that (y — Px,j)=0 for all y in A7'0. We will denote this j by J,(x ~ Px).

In this general setting, A will be said to satisfy the convergence condition if
there is a selection P of the nearest point mapping onto A ~'0 such that if
[x ¥ ]EA, [x.|=C, |y.|=C and limu..(y.Je(x. — Px,))=0, then
liminf,_.|x, — Px.|=0.

With this extension of the convergence condition, Theorem 1 is true as stated
if the semigroup S is differentiable. Theorem 2 is true as stated. In Theorem 3
one only needs to assume that A ~'0 is proximinal. Theorem 4 is true if E* is
uniformly convex with a Fréchet differentiable norm. A somewhat different
argument shows that Theorem 4 is also true if S is differentiable and E is
uniformly convex and smooth.

The following example may be of some interest in connection with the
convergence condition in general Banach spaces. Let E = C[0, 1], and let a(x)
be a nonnegative continuous function. Let (Au)(x)= a(x)u(x) for u € E and
let S be the semigroup generated by — A. It is clear that S(f)u, converges for all
u, € E if and only if a(x)=0 or a(x)>0 for x € [0, 1]. We show that for these
operators the convergence condition is not only a sufficient condition but also
necessary. Assume therefore that a(x)= a >0 for x €[0,1]. Then A~'0= {0}
and P is trivial so that in the convergence condition we can use any j, € J(u.).
Let x, € [0,1] be a point such that |u,(x.)| = |u, |-, where {u,} is any bounded
sequence in E. Assume then that
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lim (Au,, J.)=0.

But (Au., j.) = a(x.)| u. |> and since a(x)= @ >0 we conclude |u, [2—0, ie. A
satisfies the convergence condition. If on the other hand a(x)=0 then A
satisfies trivially the condition, and hence in this case the strong convergence of
the trajectories of the semigroup is equivalent to the convergence condition on
its generator. This is in contrast with the situation for similar operators in Hilbert
space (cf. [14], or consider A in I? given by &, » a,é. where a, \J0).

Finally we remark that if A does not satisfy the convergence condition, the
problem 0 € Ax can still sometimes be solved iteratively by approximating A by
A +p.I and letting p, \\ 0 slowly during the iteration. See, e.g. [7, 15, 16].
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Note added in proof

(1) An equivalent definition of the convergence condition is obtained when
liminf is replaced by lim.

(2) In connection with Section 6, see also the papers by J. J. Moreau, Un cas
de convergence des itérées d’une contraction d’un espace hilbertien, C. R. Acad.
Sci. Paris 286 (1978), 143-144, and by B. Beauzamy, Un cas de convergence forte
des itérés d’une contraction dans un espace uniformément convexe, to appear.

(3) In Section 7, E may be a general Banach space, but V and A ~'0 must be
convex. Theorems 1 and 2 hold if E is, for example, reflexive, strictly convex,
and smooth.
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