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BY 
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ABSTRACT 

Let A be an m-accretive operator  in a Banach space E. Suppose that A-~0 is 
not empty and that both E and E* are uniformly convex. We study a general 
condition on A that guarantees  the strong convergence of the semigroup 
generated by - A  and of related implicit and explicit iterative schemes to a 
zero of A. Rates  of convergence are also obtained. In Hilbert space this 
condition has been recently introduced by A. Pazy. We also establish strong 
convergence under  the assumption that the interior of A-~0 is not empty. In 
Hilbert space this result is due to H. Brezis. 

I. In troduc t ion  

In his recent study [14] of strong convergence of nonlinear contraction 

semigroups in Hilbert space, A. Pazy has introduced a general condition on the 

generator  of a semigroup S which guarantees the strong convergence of S(t)x as 

t ---* ~ for each x in the domain of S. One of our goals in the present paper  is to 

show that his approach also works outside Hilbert space. For simplicity, we 

assume throughout most of the paper  that both the Banach space and its dual are 

uniformly convex. 

In Section 2 we define the convergence condition and present some examples.  

In Section 3 we establish the strong convergence of trajectories of contraction 

semigroups whose generators  satisfy the convergence condition. In Sections 4 

and 5 we consider discrete implicit and explicit iterative schemes for finding 

t Sponsored by the United States Army under  Contract No. DAAG29-75-C-0024 .  
" P erm anen t  address : Depar tment  of Mathematics,  Oulu University, 90101 Oulu 10, Finland. 

Current address: Depar tment  of Mathematics ,  University of Southern California, Los 
Angeles ,  California 90007 USA. 

Received April 27, 1978 

44 



Vol. 32, 1979 CONVERGENCE OF SEMIGROUPS AND ITERATIVE METHODS 45 

zeros of accretive operators A that satisfy the convergence condition. The 

implicit scheme replaces the problem 0 E Ax by a sequence of easier problems, 

each of which has to be solved only approximately. No boundedness assump- 

tions on A are needed to establish convergence in this case. The result for the 

explicit method, on the other hand, is restricted to bounded operators (or more 

generally, to locally bounded operators in the presence of a priori information 

on the location of the zeros). In each case we also study the rate of convergence. 

Some of our results are new even in Hilbert space and may be applied, for 

example, to convex programming (cf. [18]). 

In Hilbert space there are two notable cases where strong convergence occurs 

even though the convergence condition need not be satisfied. In the first case the 

semigroup is generated by certain odd operators, and in the second it has a fixed 

point set with a nonempty interior. The first case was partially extended to 

Banach spaces in [1, corollary 4.1]. In Section 6 we assume that the interior of 

A-10 is nonempty and extend the second case outside Hilbert space. In Hilbert 

space the result is due to H. Brezis [2] (see also [13]). 

In Section 7 we indicate possible extensions and generalizations of our results 

to other Banach spaces. 

For previous results on the implicit and explicit schemes in Hilbert space see, 

for example, [4, 6, 12, 14, 18] and the references mentioned there. Banach space 

results can be found in [8, 17]. See also [7, 11, 15, 16]. 

Our terminology and notation follow that of [10]. 

2. The convergence condition 

Let E*  be the dual of a real Banach space E, and denote  the norm of both E 

and E*  by I "I. For simplicity we shall assume in the sequel that both E and E*  

are uniformly convex. In Section 7 we show how some of our results can be 

extended in some sense to an arbitrary Banach space. 

In our setting, the duality map J:  E---~E* (defined by (x, J x )= lx l  2 and 

I Jxl = I x I)is single-valued and continuous. If C is a closed convex subset of E, 

then also the nearest point mapping P: E---~C (defined by I x - P x l  = 
inf{lx - y  I: y ~ C}) is single-valued and continuous. 

We recall that a possibly multivalued operator  A C E x E with domain D (A)  

and range R ( A )  is accretive if for each x, E D ( A )  and each y, E Ax,, i = 1,2, 

(y~-  y2, J(x~- x2))>-O. It is m-accretive if, in addition, R( I  + rA)= E for all 

r > 0. We shall always assume that 0 ~ R(A) ,  so that A-~0 is nonempty, closed 

and convex (see [3, theorem 1.2] and notice that A -10 is the fixed point set of the 

resolvent). 
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Let A be m -accretive and let P:  E ~ A -10 be the nearest point mapping. We 

shall say that A satisfies the convergence condition if [x,, y,] E A, Ix, I -  -< C, 

lY-I --< C, and lim,~| J (x ,  - Px,))  = 0 imply that l iminf,~=lx.  - Px, I = O. 

Every strongly accretive A (i.e. an operator  of the form B + a/, where B is 

m -accretive and a > 0) satisfies this condition, and Pazy's perturbation theorem 

[14, theorem 2.6] holds in our setting too. Since both J and P are continuous, the 

following proposition is also true (cf. [14, proposition 3.2]). 

PROr'OSmON 1. Let A be m -accretive with A -10 ~ f~. I f  (y, J (x - Px )) > 0 for 

every [x, y] E A with x ~  A-10, and the resolvent (I + A )  -1 is compact, then A 

satisfies the convergence condition. 

Using this result one can extend some results of Pazy [14] on nonlinear 

parabolic equations in L2-spaces to LP-spaces for 1 < p < o0. 

One can prove that if an operator  satisfies the convergence condition, then so 

does its Yosida approximation. 

In some cases operators actually satisfy a stronger convergence condition. We 

shall say that an m -accretive operator  satisfies the uniform convergence condition 

of order y > 0, if for each C > 0  there exists a constant Fc > 0  such that if 

[ x , y ] E A ,  Ixl<=C a n d l y l = < C ,  then 

(2.1) (y, J(x - Px )) >-_ r c  Ix - Px 12~. 

This condition will be used to obtain convergence rates. 

It is clear that if B is m-accretive then A = B + aI  satisfies the uniform 

convergence condition of order  1 for any a > 0. Certain substitution operators 

also satisfy this condition. We also observe that if A -10 = {z} and the origin is in 

the interior of Az ,  then A satisfies the uniform convergence condition of order  �89 

In fact, let pu E A z  for all I u I = 1 and some p > O. Then (y - pu, J (x  - z))  >= 0 

for all [x, y ] E A. Taking u = (x - z)/I x - z l, we obtain (y, J(x  - z)) >= p lx - z I. 

3. The continuous case 

Let A satisfy the convergence condition. Since A is m-accretive, - A  

generates a semigroup S of nonlinear contractions on cl ( D ( A ) ) ,  the closure of 

the domain of A. If x E D ( A ) ,  S( t )x  is a strong solution [10] of the initial value 

problem 

(3.1) 
u'(t)+ Au(t) ~ O, 

u(O)= x. 
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THEOREM 1. Let - A generate the semigroup S on cl (D (A)). I r A  satisfies the 

convergence condition, then for each x E c l (D(A)) ,  S(t)x  converges strongly as 

t--,oo to a zero of A.  

PROOF. We may restrict our attention to x in D ( A ) .  Denote  S(t)x  by u(t) ,  

- u ' ( t )  by v(t),  and J ( u ( t ) - P u ( t ) )  by j(t). For almost all t > 0  we have 

1 (u(t - h ) -  u( t ) , j ( t ) )+ (e(h, t) , j(t)),  (v( t ) , j ( t ) )  = -~ 

where h > 0  and l im,_0e(h,  t ) = 0 .  Since 

u(t  - h ) -  u( t )  = P u ( t ) -  u ( t ) +  u(t - h ) -  Pu( t  - h ) +  Pu(t  - h ) -  Pu(t) ,  

and ( y - P u ( t ) , j ( t ) ) < - O  for all y E A-10, we obtain 

(u(t - h ) -  u( t ) , j ( t ) )  

= - l u ( t ) - P u ( t ) J 2 +  ( u ( t -  h ) -  P u ( t -  h ) , j ( t ) )+ ( P u ( t -  h ) -  Pu( t ) , j ( t ) )  

1 _-< - j  u(t)-Pu(t)12+~{I u(t  - h ) -  P u ( t -  h )12 + lu( t)  - Pu(t)l  2} 

1 = ~ { J u ( t -  h ) -  P u ( t -  h)J 2 -  l u( t ) -Pu( t )J2} .  

The mapping t ~ l u ( t ) - P u ( t ) J  is Lipschitzian. Consequently, 

(v ( t ) , j ( t ) )<  l d I = - u ( t ) - P u ( t ) J  2 for almost all t >0 .  

Since A is accretive we have (v(t),j(t))>= 0 and we conclude that l u ( t ) -  Pu(t)J 
is nonincreasing and lim inf,_= (v(t), j(t)) = 0. By the convergence condition the 

latter fact implies that liminf,_= I u ( t ) - P u ( t ) l  = 0. But since l u ( t ) - t ' u ( t ) [  is 
nonincreasing we also have l i m , _ = l u ( t ) - P u ( t ) I = O .  Finally notice that 

J u ( t ) - p l i s  nonincreasing for any p E A-Z0 and therefore we can write 

[ u ( t ) -  u(t  + h )l -_< I u ( t ) -  Pu(t)J + I P u ( t ) -  u(t  + h )l 

<-- 21 u ( t ) -  Pu(t)l, 

from which the convergence of u (t) follows, and in particular, if z = lim,~= u (t), 

(3.2) [u(t)  - z I=  < 21 u ( t ) -  Pu(t)l.  [] 

It is not difficult to see that if A satisfies the uniform convergence condition of 

order  y, then convergence occurs in finite time if y < 1, is exponential if y = 1, 

and is O(t  -'2~'-~) if y > 1. More precisely, we have (z = lim,_=u(t)) 
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(3.3) 

and 

(3.4) 
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l u ( t ) -  z I <- 2ix - Px I{1 + Ix - Px 12('-')2(y - 1)Ft} -1nr 
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y f l  

l u ( t ) - z l < = 2 1 x - P x l e  -r', y = l .  

Here  F denotes the constant Fc appearing in (2.1). In fact, using (2.1) we see 

from the proof of Theorem 1 that 

(3.5) 1 d l u ( t ) _  eu(t)12 + F l u ( t ) _  eu(t)f~, < 0 ,  
2 dt = 

for almost all t > 0. This gives a bound for l u( t )  - Pu(t) l  and (3.3) and (3.4) then 

follow from (3.2). 

4. The implicit scheme 

In this section we consider the implicit scheme defined by 

(4.1) x.+l + A.+IAx.+I ~ X,, + e.+,, n => 0 

where XoE E, and {A.} is a positive sequence. 

THEOREM 2. Let A be m-accretive and let {x.} be defined by (4.1). I f  A 

satisfies the convergence condition, Y~=,h. = oo, and E~=,[e. 1<o% then {x.} 

converges strongly to a zero of A. 

PROOF. If the conclusion is true with e . -=0,  then it is true if {e.} has a 

compact support. Approximating any {e.} ~ l '  by a sequence with a compact 

support and using the facts that the resolvents J,. are contractions and A - ' 0  is 

closed, we see that we may assume in the remainder of the proof that e. =- 0. 

Let j. = J(x .  - P x . ) ,  and denote (x. -x.+l)/A.+l by y. . l  E Ax.+,. We have 

I x . . , -  Px.+,[2+ A.+,(y.+,, j.+,) = (x. - Px.+,,j.+,) 

= (x. - Px . , j . . , )+  (Px. - Px.+,,j.§ 

<=Ix . -Px .  IIx.+,-Px.+,I  

<= ~{Ix .  - Px .  12 + l x . . ,  - Px..,12}. 

Hence 

(4.2) f x . . , -  ex.+,  [2 + 2A.+~(y. . .  i . . , )<= Ix. - ex~ I ~, 
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and Y.~=,A,,+,(y.+I,j,,+,)< ~o. Since {A.}~ I' and (y.+,, j .+,)  _- 0, it follows that 

lira inf.~| (y., j . )  - 0. The  sequence  {x. } is bounded  because A -10 ~ 0 ,  and {I Y. I} 

is decreasing.  The re fo re  we can invoke our  convergence  condit ion and conclude 

that lira inf._= Ix .  - P x .  I = 0. But {[ x .  - P x .  I} is decreasing,  so that x .  - P x .  --* O, 

and {x.} converges strongly because 

Ix.§ - x . l<=lx .+ , .  - P x , , l + l P x . -  x . J < - Z l x . -  P x .  I. 

Here  we used the fact that Ix. - p I is nonincreasing for all p ~ A -'0. [ ]  

To  obtain convergence  rates we assume now that A satisfies the uniform 

convergence  condit ion,  and let e. = 0. We denote  (x. - x.+l)/A.+~ by y.+~ E A x . + l  

and l im._=x,  by z. 

When y = 1 we obtain immediate ly  from (4.2) that 

(4.3) Ix .  - z 1<=2[xo - Pxot(--[ (1 + 2FcAj) -lj~ 
./=l 

where  C = max {I x0] + 21Pxol, t Y, [}. Note  that this is essentially the rate obta ined  

for the cont inuous  case (3.4). 

For  y ~ 1 we shall assume for simplicity that for  some /3 _-> - 1, 

(4.4) A, = Aon ~ 

For  y < 1 we obtain from (4.2) that 

(4.5) I x . + , -  e x . . ,  J-< (21"cZon ~ 1'2"1 x.  - Px .  jl,.. 

S ince  Ix.+,  - Px .+,  J <= Ix.+, - z I -< 21 x.+, - Px.+,  [, we get the following rates:  

Ix.+,-=l=o(t~.-zl") if/3>0, 

= O ( I x .  - z J'/") i f /3  ~ o, 

= o ( t x .  - z I ' '~- ' )  for  e > 0  

(4.6) 

if / 3=  > - 1 .  

While the cont inuous  semigroup converges for  y < 1 in finite t ime (3.3), the 

implicit scheme does not generally converge  in a finite number  of steps. This, in 

fact, is impossible if x , , ~  Pxo and A is single-valued at A-10, However ,  the 

following is true: 

PROPOSITION 2. A s s u m e  that  A ~'0 = {z } and  0 E int ( A z ) .  I f  e.  =- 0 and  {x. } 

satisf ies  (4.1) with (x .  - X.~l)/A.+,---~0, then  there exis ts  N such that  x .  = z for  

n > - N .  

The  proof  is obvious.  A case where  (x. - x.+~)/A.+~ always tends to zero is the 
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following: if the modulus of convexity of E satisfies 6(e)_-> ke"  for some s _-> 2 

and k > 0, and {A.} ~ I s, then by [8, theorem 2.6] 

A ; )  . 

If y > 1, (4.6) is of no interest and we proceed differently. For/3 > - 1 we set 

[ x , - P x .  12=k ,n  -~ and determine the largest ot for which {k,} remains 

bounded. From (4.2) we then have 

(4.7) k.+~(n + 1)-" + 2FcAon~k ".+l(n + 1)-"" _-< k , n  -~ 

By an induction argument we see that {k.} is bounded if a _- (1 +/3)/(3' - 1), and 

we obtain the rate 

(4.8)  I x ~  - z I = 0 ( , ' , - " ~ - " " ~ " - " ) ,  3; > 2, /3 > - 1. 

For /3  = - 1 ,  we obtain similarly 

(4.9) Ix, - z I = O((log n)-1/2(~-~)), 3' > 1, /3 = - 1. 

Note that the rates (4.8) and (4.9) coincide with the rate for the continuous 

problem. 

By Theorem 2, at each step the equation x,+l + h,+lAx.+~ ~ x, has to be solved 

only approximately. If h, is sufficiently small this can often be done by using 

some locally convergent iteration method (e.g. Newton's). The initial guess for 

x.+l may be taken to be x,. 

When A is continuous and defined on E (or more generally when I - A maps 

a closed convex subset of E back into itself), one can actually use the explicit 

method to produce both the step size sequence {)t, } and the sequence {x, } itself 

in such a way that (4.1) is satisfied with summable errors and {)t,} ~ l ~. This can 

be done by using the method of [12]. 

5. The explicit scheme 

In this section we consider the explicit scheme defined by 

(5.l) x.+, E x .  - h . A x . ,  n >- 0 

where xo E E, and {h.} is a positive sequence. We shall study the convergence of 

{x.} under the assumptions that { x . } C D ( A )  and that { ( x . - x . §  is 

bounded. This is always the case if D (A)  = E and R (A)  is bounded. It can also 

be guaranteed for suitable {h.} if A-10 is contained in the interior of D ( A )  and 

Xo is close enough to A-10. 
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Since E*  is uniformly convex, there is [15, p. 89] a cont inuous nondecreasing 

function b: [0, ~)---~ [0, co) such that b(O)= O, b(ct)<= cb( t )  for c _--- 1, and 

(5.2) Ix + y 12 -< Ix 12 + 2(y, Jx )  + max {I x I, 1}1Y I b (I Y I) 

for all x and y in E. 

We shall assume that 27=oA.=~ and E~=oA.b(A.)<oo. For  any given 

cont inuous nondecreasing function b (t) with b (0) = 0 such sequences {A. } always 

exist. In particular, if the modulus  of convexity of E*  satisfies 8e.(e)>= ke" for 

some k > 0  and r_->2, then b(t)<=ct "-1 with s = r / ( r -  1). Therefore  if E = L ~, 

1 < p < oo, we can take any {A. } ~ I s \ l '  with s = p if 1 < p =< 2 and s = 2 if p _-> 2. 

THEOREM 3. Let  A be m-accretive and  let {A.} be a positive sequence such 

that ET=0A. = ~ and E~=0A.b(A,)< ~. A s s u m e  that {x.} satisfies (5.1) and  that 

{ ( x . -  x.+,)/A,} is bounded. I f  A satisfies the convergence condition, then {x.} 

converges strongly to a zero o f  A .  

PROOF. Let  j .  = J (x .  - Px . ) ,  and denote  (x. - x.+0/A, by y. ~ Ax . .  Using 

(5.2) we have 

Ix.+, -  ex.+,12<=lx.+,- px.I == Ix. - px.  - x .y .  12 

<= Ix. - Px.  12- 2A. (y., j . ) +  max{Ix.  - Px. l, 1}IY-IA.b(A-I Y-I)- 

Since for c _-> 1, b(ct)<= cb( t ) ,  this yields, for some M, 

(5.3) Ix.+, - Px.§ r 2 <- ix. - Px.  j2 _ 2A. (y., j . )  + M m a x  {f x.  - Px.  I, 1}A.b (A~ 

This inequali ty implies that { I x . -  Px. I} is bounded.  In fact, if we set dn = 

max (I x.  - Px. I, 1) then 

dZ.+, <- d2.+ Md.A .b (A . ) ,  

and consequently,  since d~.+,- d~. = (d.+, - d . )  (d.+, + d.) ,  

d.+, =< d.  + MA.b(A.), 

which implies the boundedness  of d. and hence of I x . -  Px. I. But then (5.3) 

actually implies that 

(5.4) I x . - P x .  12<=lx~-Pxkt2+ek,  n > k  

where ek = C ET=~ Ajb(Aj)~ 0 as k ~ oo. Hence  lim.~| Ix. - Px.  J exists. Further-  

more 

(5.5) 2 A,(y,,j,)--< IXo-Pxo l2+  A,b(A,). 
i = 0  i = 0  
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Since X~=o A, = oo and (y,, j~)=> 0 this implies that lim inf,~=(y. ,  j . ) =  0. Now we 

can apply the convergence  condi t ion since, by assumption,  {y.} is bounded  and 

repeat ing the boundedness  a rgument  for  x. - Px.  with a fixed p E A -10 in place 

of Px.  we also have {x,} bounded .  Thus  l i m i n f , ~ |  Px. I = 0, and, since 

lira._| Ix. - Px.  I exists, lim,~| Ix. - Px.  I = 0. Finally, we have for  all n > k, 

(5.6) I x , - P x k l 2 < = l x k - e x ~ 1 2 + C l ~  A,b(A,). 
i ~ k  

Consequent ly ,  I x , - x ~ l < = l x . - P x ~ l + l P x ~ - x ~ l < = 2 l x ~ - P x ~ l + ~ ,  is small 

when k is large and the proof  is complete .  [ ]  

In o rde r  to obtain convergence  rates, we again assume that A satisfies the 

uni form convergence  condi t ion of o rder  y. We also assume that b(t )  <= ct ~-1 for  

some 1 < s = 2 ,  and that A, = )ton e with 

( 5 . 7 )  - 1 _-</3 < - 1/s, 

so that E~=o )t. = ~ and E~=o )t ~. < oo. For  the explicit scheme the rates depend  on 

3' and/3  in a more  compl ica ted  way than in the case of the implicit scheme.  If the 

o rde r  3' is very small, then the rate  of convergence  is independen t  of  3, and is 

de t e rmined  by/3  and s. The  rate  is be t te r  if/3 is smaller.  On the o the r  hand,  if 3' 

is large the rate  is i ndependen t  of s and equals the rate  for  the implicit scheme.  

In this case, the larger/3 is, the be t te r  the rate is. In general ,  for  any fixed 3' and 

s, there  exists a unique optimal  choice /3 = / 3 " ,  defined by 

(5.8) /3 * = I - 1, if 3, _-< 1, 

l 3'{(1 - 3')s - 1} -1, if 3, > 1. 

We shall obtain the following convergence  rates (z = l im.~=x. ) :  

{ O(n('+"~"2), fl E [ / 3 " ,  - 1/s), 
(5.9) [ x . - z l  = O(rl-'l+t3)/z(v-')), 3 ' > 1 ,  /3 E (--  1,/3"], 

O((log n)-~n~'-l)), 3, > 1, /3 = - 1. 

(For  3, = 1,/3 = / 3 "  = - 1, choose )to--> 1/Fc, where  Fc  appears  in the definit ion 

of the uni form convergence  condit ion.)  

Since for  3' > 1 and /3  _-</3" we obtain the same rates that were ob ta ined  for 

the implicit scheme and the cont inuous  problem,  we do not expect  to be able to 

improve  the rate  by using o the r  sequences.  We shall also show below that in 

Hilber t  space with y = 1, the rate O ( n  -~/2) obta ined  with A. = Ao/n is in some 
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sense op t imal  ove r  all possible  choices {A,} E 12\1 '. This shows that  the result  of 

Bruck  [6] is, in some  sense,  the best  possible.  On the o ther  hand,  for  I, < 1 the 

rate  (5.9) may  be pessimistic.  In fact, if A '0 is a singleton,  then the conve rgence  

is faster.  

We  shall now establish (5.9). F rom (5.3) we obta in  

(5.10) I x .+1 -  Px.+,12<= Ix.  - Px .  j2_ 2A. (y . , j . )  + CA.'. 

Let  A. = )ton e and Ix.  - Px .  ]2 = k . n - L  By (5.10), 

(5.11) k.+,(n + 1)-" _-< k . n - "  - 2 F A o n ~  - ~  + Cn~ 

Let a = - ( s -  1)/3/7. Then  

( ' ~  
(5.12) k.+, _-< 1 + {k, - [2Fa0k." - C ] n " }  

with 6 = / 3 ( 1 -  s + sy)/3,. If 3' > 1 and /3 -> fl* (6 -> - 1), then {k,} must  be  

bounded .  The  same  is t rue  if 3' _-< 1 and 6 > - 1 which holds for  al l /3 if 3' < 1, 

and for  fl > - 1 if 3' = 1. If 3' = 1 and /3 = - 1, then (5.12) yields (s _---2) 

(5.13) k . + , < = k . + [ k . ( 1 - 2 F A o ) + C l  n ' + [ C - 2 F a o k . l n  -2. 

Since FA0_- > 1, {k.} must again be  bounded .  For  3' > 1 and /3  < 13" one  p roceeds  

as in the implicit  case. H e n c e  we have  

0 (n"-')~ /3 E [/3", - 1/s) ,  

(5.14) Ix.  - Px .  [ = O ( n - " + ~  3' > 1, /3 E ( -  1,/3"], 

O ((log n)- '2~ ' - ' ) ) ,  7 > 1, /3 = - 1. 

T o  obtain  rates for  Ix. - z I, no te  that  Ix.  - z [ <= Ix.  - Px .  I + I Px .  - z I, and by 

(5.6), 

Iz -Px.l~<__lx.- exor + c~_, , :  <=lx..- px.l~+ C,n l+~ 
i = n  

T h e  rates  (5.9) now follow f rom (5.14). 

Let  B be a maximal  m o n o t o n e  o p e r a t o r  in Hi lber t  space  such that  0 E B 0  and 

I B x  J = 1 for  x ~ 0. Cons ider  the explicit scheme for  A = I + B. Clear ly  A-10  = 

{0} and we have  

I x.+, I~ =< (1 - x.)~lx,,  I~ + A~.. 

It is the re fo re  na tura l  to ask how fast the solut ions of the equa t ion  
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(5.15) Ix.+,[ 2= (1 - A.)21 x. 12+ h2n 

can decay when {A.}E 12\l ~. 

PROPOSITION 3. I f  {h.} E 12\l ~ and {x.} satisfies (5.15) with Ix. [<= K n  -q for 

all n, then q <= 1/2. 

PROOF. If {h.} E 12\l ~, then for every e > 0 there are infinitely many k such 

that ET~kh~ -> 1/k ~§ [9, lemma 1]. By (5.15) 

lxk 12< 2 ~'~ A,/x, 12- 2 A ~ 
i=k i=k 

<= a~ 2 ,a - 1 . 

The term in the brackets must of course be positive. Using Ix i I<-_ Kj  -~ and 
2 2> 1+* s = 1/k , we  obtain q <- l/2 + e /4 and the result follows. [] 

6. Another sufficient condition for convergence 

In this section we study another sufficient condition for strong convergence. 

Let S be a contraction semigroup in E, and let F be its fixed point set. In [2], 

Brezis proved that in Hilbert space, if int (F), the interior of F, is nonempty, then 

for each x in the domain of S, S ( t ) x  converges strongly as t -->~ to a point in F. 

Using the idea of Pazy's proof [13] of this result we show here that the result can 

be extended outside Hilbert space. We also show that it is not true in all Banach 

spaces. 

THEOREM 4. Let  E be a B a n a c h  space and assume that both E and E *  are 

uniformly convex. Le t  S be a contraction semigroup in E with a f ixed point set F. I f  

int (F) ~ O, then for each x in the domain  o f  S, S ( t ) x  converges strongly as t ---> oo 

to a point in F. 

PROOF. Let a ball with center Xo and radius r > 0 be contained in F. Since, by 

(5.2), 2(y, J x ) + l x  12<Ix + y 12- -< Ix 12+2(y,Jx)+ max(Ix I, 1)[y Ib(lY I) for all x 

and y in E, w e o b t a i n  for t > s , 0 < p = < r , a n d l u l = l ,  

- 2 p ( u ,  J ( s ( t ) x  - Xo)) + I s ( t ) x  - Xol 2 

<= I S ( t ) x  - g o -  Ou I = 

<- I s  ( s ) x  - Xo - o u  12 

<-- I S ( s ) x  - xol 2 - 2p(u,  J ( S ( t ) x  - Xo)) + Mpb(p ) .  
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Hence 

2p(u ,  J ( S ( s ) x  - X o ) -  J ( S ( t ) x  - xo)) <- f S ( s ) x  - Xol 2 -  I S ( t ) x  - Xof 2 + M p b ( p  ). 

Denote  J(S(t)x - Xo) by y(t) ,  and let u = J - l ( y ( s ) -  y(t))/ly(s ) -  y(t)l .  We 

obtain 

1 
l Y(s) - Y(t)l ~ {I S(s)x - Xol2-lS(t)x - Xo12}/2p +~ Mb(p). 

Given e > 0 ,  choose p such that Mb(p)< e, and then choose So such that 

{fS(s)x-xol2-ls(t)X-Xo(}/p<e for all t>=s>=so. 

Then ly(s)-y(t) l<=e,  so that l im,o~y(t)  exists. Since j-1 is continuous, 

lim,~| S(t)x also exists and it clearly belongs to F. []  

If A is m -accretive and int (A -10) # Q, then a similar argument shows that the 

implicit scheme (4.1) will always converge. It is not difficult to see that if 

Y.7=1 An = 0% then the limit will belong to A -10. The same is true for the explicit 

scheme (5.1) if, in addition, X~=o Anb(An) < oo and the operator  A is, for example, 

bounded. 

Theorem 4 does not hold in all Banach spaces. To see this, consider the space 

C[0, 1] with the max norm. Let A be the operator  

Au(x)=max{a(x)u(x) ,O},  u ~ C[0, 1], 0 - < x < l ,  

where a (x) is a continuous function satisfying a ( 0 ) =  0, a ( x ) >  0 for x > 0. A is 

m-accretive and A - 1 0 = { f ~ C [ 0 , 1 ] : f ( x ) < = 0  for 0 =< x _-_61}. Let S be' the 

semigroup generated by - A .  For u o - 1 ,  S(t)Uo(X)= e -atx)' which does not 

converge in C[0, 1]. 

7. Extensions and refinements 

In this section we show that under certain assumptions that always hold if E 

and E*  are uniformly convex, versions of Theorem 1 and 2 hold in any Banach 

space. We also observe that the hypotheses of Theorem 3 and 4 can, in fact, be 

weakened. 

Let E be a real Banach space with dual E*.  The duality mapping J from E 

into the family of nonempty weak star compact convex subsets of E* is defined 

by 

J ( x ) = { x * E E * : ( x , x * ) = ] x l  2 and I x * l = ] x [ }  

for each x in E. Denote  the distance between a point x E E and a set V C E by 
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d(x ,V ) .  A point  z •  V is said to be a best approx imat ion  to x E E  if 

tx - z I-- d(x ,  V) .  
Recall  that  a set V in E is called a sun [19] if wheneve r  z ~  V is a best 

approx ima t ion  to x E E, then z is also a best approx imat ion  to z + t(x - z)  for 

all t ->0 .  Every  convex set is a sun. If V is a sun and z E  V is a best 

approx ima t ion  to x E E, then there  exists j ~ J(x - z)  such that (y - z , j )  <- 0 for 

all y E Y. The  set V is said to be proxirninal if each x in E has at least one best 

approx ima t ion  in Y. 

An  o p e r a t o r  A C E x E is said to be  accret ive in the sense of B rowde r  [5] if 

for  each x ~ D ( A )  and each y~GAx,, i = 1 , 2 ,  ( y l - y 2 , j ) _ - > 0  for  all 

j E J(x~ - x2). This s t ronger  not ion of accretivity is needed  in the general izat ion 

of T h e o r e m  2 but in T h e o r e m  1 it is superf luous since we have  to assume that  the 

semig roup  is differentiable.  

Let  A C E x E be an accret ive ope ra to r  in the sense of Browder  (in certain 

cases only the fact that A is accret ive is really needed)  with 0 E R ( A ) ,  and 

assume that  A - ' 0  is a proximina l  sun. If P is a selection of the neares t  point  

mapp ing  on to  A -~0, then for  each x E E, there is at least one  j C J(x - Px) such 

that  ( y - P x ,  j)<=O for  all y in A '0. We  will deno te  this j by J p ( x - P x ) .  

In this genera l  setting, A will be  said to satisfy the convergence condition if 

there  is a selection P of the neares t  point mapping  on to  A-~0 such that if 

[x., y,,] E A, Ix.l<=C, ly.]<=C, and l im ._=(y . , Jp (x . -Px . ) )=O,  then 

lim inf ,_~ Ix, - Px. ] = O. 

With this extension of the convergence  condit ion,  T h e o r e m  1 is t rue as s tated 

if the semigroup  S is differentiable.  T h e o r e m  2 is true as stated.  In T h e o r e m  3 

one  only needs  to assume that  A - ' 0  is proximinal .  T h e o r e m  4 is t rue if E *  is 

uni formly convex with a Fr6chet  differentiable norm.  A somewha t  different 

a rgumen t  shows that  T h e o r e m  4 is also t rue if S is differentiable and E is 

uni formly  convex and smooth .  

T h e  following example  may  be of some  interest  in connect ion with the 

convergence  condit ion in general  Banach  spaces. Let E = C[0,  1], and let a(x)  

be a nonnega t ive  cont inuous  function.  Let  ( A u ) ( x )  = a (x )u (x )  for u E E and 

let S be the semigroup  gene ra t ed  by - A. It is clear  that  S(t)Uo converges  for all 

u0E E if and only if a(x)=-O or a ( x ) > 0  for  x E [0, 1]. We show that for  these 

ope ra to r s  the convergence  condi t ion is not only a sufficient condit ion but also 

necessary.  Assume  there fore  that  a(x)>= a > 0  for x E [0, 1]. Then  A - ' 0 =  {0} 

and P is trivial so that  in the convergence  condit ion we can use any j. ~ J(u,) .  

Let  x, ~ [0, 11 be a point  such that  [u , (x , ) [  = lu, In, where  {u.} is any bounded  

sequence  in E. A s s u m e  then that  
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lira (Au , , j , )  = O. 

But (Au. ,  j , )  = a (x,)l u, 12= and since a (x) => t~ > 0 we conclude I u, [~ ~ 0, i.e. A 

satisfies the convergence condition. If on the other hand a(x)=-O then A 

satisfies trivially the condition, and hence in this case the strong convergence of 

the trajectories of the semigroup is equivalent to the convergence condition on 

its generator. This is in contrast with the situation for similar operators in Hilbert 

space (cf. [14], or consider A in 12 given by ~. ~ c~,~:, where a ,  ~0) .  

Finally we remark that if A does not satisfy the convergence condition, the 

problem 0 E A x  can still sometimes be solved iteratively by approximating A by 

A + p,I  and letting p. "~ 0 slowly during the iteration. See, e.g. [7, 15, 16]. 
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Note added in proof 

(1) An equivalent definition of the convergence condition is obtained when 

lim inf is replaced by lim. 

(2) In connection with Section 6, see also the papers by J. J. Moreau, Un cas 

de convergence des it~r~es d 'une contraction d ' u n  espace hilbertien, C. R. Acad. 

Sci. Paris 286 (1978), 143-144, and by B. Beauzamy, Un cas de convergence forte 

des it~r~s d 'une contraction dans un espace uni[orm~ment convexe, to appear. 

(3) In Section 7, E may be a general Banach space, but V and A -10 must be 

convex. Theorems 1 and 2 hold if E is, for example, reflexive, strictly convex, 

and smooth. 
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